The Dirac equation is solved to obtain its approximate bound states for a spin-1/2 particle in the presence of trigonometric Pöschl-Teller (tPT) potential including a Coulomb-like tensor interaction with arbitrary spin-orbit quantum number κ using an approximation scheme to substitute the centrifugal terms κ(κ± 1)r −2 . In view of spin and pseudo-spin (p-spin) symmetries, the relativistic energy eigenvalues and the corresponding two-component wave functions of a particle moving in the field of attractive and repulsive tPT potentials are obtained using the asymptotic iteration method (AIM). We present numerical results in the absence and presence of tensor coupling A and for various values of spin and p-spin constants and quantum numbers n and κ. The non-relativistic limit is also obtained.
Introduction
The concept of pseudo-spin (p-spin) and spin symmetries in nucleon and antinucleon, respectively, introduced to reveal the dynamical nature of quantum systems and these symmetries play a critical role in the shell structure and its evolution. Within the framework of Dirac equation, the p-spin symmetry is used to feature the deformed nuclei and the superdeformation to establish 1 E-mail: fbjames11@physicist.net 2 E-mail: sikhdair@neu.edu.tr an effective shell-model [1, 2, 3, 4] , whereas spin symmetry is relevant for mesons [5] . The spin symmetry can be regarded as a relativistic symmetry. For the p-spin, in nuclei, its origin has not been fully clarified until now [6, 7, 8] . The exact spin symmetry occurs when the scalar S(r) and vector V (r) potentials have nearly the same size but same sign, i.e., ∆(r) = S(r)− V (r) = C s = 0 and the exact p-spin symmetry occurs when the scalar and vector potentials have the same size but opposite sign, i.e., Σ(r) = S(r) + V (r) = C ps = 0 [6, 7, 8] .
Later it was found that spin and p-spin are exact d dr ∆(r) and d dr Σ(r), respectively, under a less strict condition and to what extent the spin and p-spin are conserved are related to the competition between the centrifugal barrier and the spin or p-spin orbital potential [6, 7, 8] . The condition can not be met in realistic nuclei. For more details, see the recent works [6, 7, 8, 9, 10] and references therein. The p-spin symmetry refers to a quasi-degeneracy of single nucleon doublets with non-relativistic quantum number (n, ℓ, j = ℓ + 1/2) and (n − 1, ℓ + 2, j = ℓ + 3/2), where n, ℓ and j are single nucleon radial, orbital and total angular quantum numbers, respectively [11, 12, 13, 14] . The total angular momentum is j =l +s, wherel = ℓ + 1 pseudoangular momentum ands is p-spin angular momentum [15] . Very recently, the tensor potential was introduced into the Dirac equation by simply substituting P → P − imωβ.rU (r) and a spin-orbit coupling is added to the Dirac Hamiltonian [16 − 26] .
The unbound solutions of generalized asymmetrical Hartmann potentials under the condition of the p-spin symmetry have been presented by mapping the wave functions of bound states in the complex momentum plane via the continuation method [9] . Very recently, Guo explored the pspin symmetry by using the similarity renormalization group and shown explicitly the relativistic origin of the symmetry [7] . Chen and Guo [8] investigate the evolution of the spin and pseudospin symmetries from the relativistic to the nonrelativistic and explore the relativistic relevance of the symmetries. By examining the zeros of Jost functions corresponding to the small components of Dirac wave functions and phase shifts of continuum states, Lu et al [6] show that the pseudospin symmetry in single particle resonant states in nuclei is conserved when the attractive scalar and repulsive vector potentials have the same magnitude but opposite sign.
In the present work, we intend to investigate the trigonometric Pöschl-Teller (tPT) potential proposed for the first time by Pöschl and Teller [27] in 1933 was to describe the diatomic molecular vibration. Chen [28] and Zhang et al. [29] have studied the relativistic bound state solutions for the tPT potential and hyperbolical PT (Second PT) potential, respectively. Liu et al. [30] studied the tPT potential within the framework of the Dirac theory. Recently, Candemir investigated the analytics−wave solution of Dirac equation for tPT potential under the p-spin symmetry condition [31] . Further, Hamzavi and Rajabi studied the exact s−wave (ℓ = 0) solution of the Schrödinger equation for the vibration tPT potential [32] . Very recently, Hamzavi et al. investigated the approximate analytic bound state eigensolutions of the Dirac equation with the tPT potential including the centrifugal (pseudo-centrifugal) term for any spin-orbit quantum number κ in view of spin and p-spin symmetries [33] . The energy spectrum of the tPT via the asymptotic iteration method have been obtained recently by Falaye [37] . This potential takes the following form:
where the parameters V 1 and V 2 describe the property of the potential well while the parameter α is related to the range of this potential [30] . In Figures 1 and 2 , we draw the tPT potential (1) for parameter values
The goal of the present work is to extend previous works [31, 32, 33, 37] to the relativistic case, κ = ±1 (rotational case) and also in the presence of a Coulomb-like tensor potential via the asymptotic iteration method [34, 35, 36, 37] . We introduce a convenient approximation scheme to deal with the strong singular centrifugal term. The ansatze of this approximation possesses the same form of the potential and is singular as the centrifugal term r −2 [38] .
The structure of the paper is as follows. In Section 2, we briefly introduce AIM method. In Section 3, in view of spin and p-spin symmetries, we briefly introduce the Dirac equation with scalar and vector tPT potentials plus a Coulomb-like tensor interaction for arbitrary spin-orbit quantum number. In Section 4, the approximate energy eigenvalue equations and corresponding two-component wave functions of the Dirac-tPT problem including tensor interaction are obtained. The non-relativistic limit of our solution is also obtained. We present our numerical results in the presence and absence of tensor coupling A for various n and κ quantum numbers.
We end with our concluding remarks in Section 5.
Method of Analysis
One of the calculational tools utilized in solving the Schrödinger-like equation including the centrifugal barrier and/or the spin-orbit coupling term is called as the asymptotic iteration method (AIM). For a given potential the idea is to convert the Schrödinger-like equation to the homoge-nous linear second-order differential equation of the form [34] :
where λ o (x) and s o (x) have sufficiently many continous derivatives and defined in some interval which are not necessarily bounded. The differential equation (2) has a general solution [34, 35] y
If k > 0, for sufficiently large k, we obtain the α(x)
where
The energy eigenvalues are obtained from the quantization condition of the method together with equation (5) and can be written as follows:
The energy eigenvalues are then obtained from (6) , if the problem is exactly solvable. If not, for a specific n principal quantum number, we choose a suitable x 0 point, determined generally as the maximum value of the asymptotic wave function or the minimum value of the potential and the aproximate energy eigenvalues are obtained from the roots of this equation for sufficiently large values of k with iteration.
Dirac Equation with Scalar and Vector Potentials Including Tensor Coupling Interaction
In spherical coordinates, the Dirac equation for fermonic massive spin− 1 2 particles interacting with arbitrary scalar potential S(r), the time-component V (r) of a four-vector potential and the tensor potential U (r) can be expressed as [5, 6] 
where E, p and M denote the relativistic energy of the system, the momentum operator and mass of the particle respectively. α and β are 4 × 4 Dirac matrices given bȳ
where I is the 2×2 unitary matrix and σ are the three-vector pauli spin matrices. The eigenvalues of the spin-orbit coupling operator are κ = j + 1 2 > 0 and κ = − j + 1 2 < 0 for unaligned spin j = ℓ − 1 2 and the aligned spin j = ℓ + 1 2 respectively. The set (H 2 , K, J 2 , J Z ) can be taken as the complete set of conservative quantities with J being the total angular momentum operator and K = ( σ. L + 1) is the spin-orbit where L is the orbital angular momentum of the spherical nucleons that commutes with the Dirac Hamiltonian. Thus, the spinor wave functions can be classified according to their angular momentum j, the spin-orbit quantum number κ and the radial quantum number n. Hence, they can be written as follows:
where F nκ ( r) and G nκ ( r) are the radial wave functions of the upper-and lower-spinor components respectively and Y ℓ jm (0, φ) and Yl jm (0, φ) are the spherical harmonic functions coupled to the total angular momentum j and it's projection m on the z axis. Substitution of equation (7) into equation (2) yields the following coupled differential equations [39, 40, 41, 42, 43, 44, 45] :
where ∆(r) = V (r) − S(r) and Σ(r) = V (r) + S(r) are the difference and sum potentials respectively. On solving in equation (10), we obtain the following Schrödiger-like differential equation with coupling to the r −2 singular term and satisfying F nκ (r):
where G nκ (r) can be obtained as:
where E nκ = +M when Σ(r) = 0 and κ(κ − 1) =l(l + 1). Since E nκ = −M is an element of the negative energy spectrum of the Dirac Hamiltonian, this relation with the lower spinor component is not valid for the positive energy spectrum solution.
P-spin symmetry limit
The p-spin symmetry occurs when
Here we are taking ∆(r) as the tPT potential and the tensor as the Coulomb-like potential, i.e.
with where R c is the Coulomb radius, Z a and Z b respectively, denote the charges of the projectile a and the target nuclei b [2, 3] . Under this symmetry, equation (12) can easily be transformed
where κ = −l and κ =l + 1 for κ < 0 and κ > 0 respectively and
have been introduced for mathematical simplicity.
Spin symmetry limit
In the spin symmetry limit, d∆(r) dr = 0 or ∆(r) = C s = constant [5, 6] . Similarly to section 3.1, we consider
Using equation (17), we can rewrite equation (11) as
where κ = ℓ and κ = −ℓ − 1 for κ < 0 and κ > 0, respectively. We have also introduced the following parameters
for mathematical simplicity.
Approximate Relativistic Bound-States
In this section, we present the approximate bound state solutions of the Dirac equation with the tPT potential in the presence of the tensor interaction using the AIM.
Approximate bound-states for the p-spin symmetric limit
It is clearly seen that equation (15) is not analytically solvable because of the coupling term.
We therefore must include an approximation to deal with the coupling term. It is found that for short range potential, the following formula is a good approximation to the coupling term [30, 31, 32] :
By inserting approximation expression (20) and introducing a new variable of the form z = sin 2 αr into equation (15), we can easily find
Now we reach a position that the differential equation is appropriate for applying AIM. Therefore equation (21) should have a solution in the form of normalized wave functions which should respect the boundary conditions that is G nκ (0) = 0 at z = 0 for r → ∞ and G nκ (1) = 0 at z = 1 for r → 0. As a result, we take the wave functions of the form
where we have intoduced the following notations for mathematical simplicitȳ
Substituting equation (22) into equation (21) yields the following second order differential equa-
which is suitable to an AIM solutions. Thus, by comparing equation (24) with equation (2), we can obtain λ 0 (z) and s 0 (z) and by using the recursion relation (5), we calculate λ k (z) and s k (z).
Combining these results with the termination condition (6), we have the following expressions for eigenvalues,
If we generalize the above equations, the relativistic energy spectrum equation becomes
By using the notations in equations (20) and (23), we obtain a more explicit expression for the relativistic energy spectrum equation as
Now, let us study the wave function of this system. Generally speaking, the differential equation we wish to solve should be transformed to the form [5] :
where a, b and m are constants. The general solution of equation (29) is found as [29] y n (x) = (−1)
where the following parameters have been used
By comparing equations (29) with (24), we have Λ =q + 1/4, b = 1, N = −1, m =p − 3/4 and σ = 2p + 1/2. Thus the solution of equation (26) can easily be obtained as
whereN nκ is the normalization factor. In order to determine this factor, we need to express the solution equation (32) in terms of Jacobi polynomial [33] 
Having done this, we can easily determine the normalization factor using the normalization
Now using the following relation of the hypergeometric function [33] 
and integral [6] 1 −1
we obtain the normalization constant asC
wherē
The upper component spinor of the Dirac equation for the tPT potential plus a Coulomb-like tensor potential can be calculated from the relation
4.2 Approximate bound-states for the spin symmetric limit
In this symmetry, we obtain the solution of equation (18) by using a transformation of the form z = sin 2 αr so that equation (18) can be recast into a similar form of equation (21) 
It is clearly seen that equation (41) is identical with the equation (21), therefore, the relativistic energy spectrum equation is obtained as
The corresponding lower component spinor F nk (z) is obtained as
The normalization constant N nκ can easily be obtained as
Again, the lower component spinor of the Dirac equation for the tPT potential plus a Coulomblike tensor potential can be calculated from the relation
Now, let us discuss the non-relativistic limit of the energy eigenvalues of our solution. If we take C s = 0 and put S(r) = V (r) = Σ(r), the non-relativistic limit of energy equation (42) under the following appropriate transformations M + E nκ → 2µ and M − E nκ → −E nℓ become
This is found in excellent agreement with [37, 38] and when ℓ = 0 it is identical to [32] .
Numerical Results
In and (nf 7/2 , (n − 1)h 9/2 ) in the absence of tensor interaction (A = 0). Also, the energy levels are negative, i.e., the system becomes less attractive when the quantum numbers increasing. In the presence of the tensor interaction, it removes the degeneracy in the above doublet states and new degenerate states appear as follows: (1p 3/2 , 0d 3/2 ), (1d 5/2 , 0f 5/2 ) and (1f 7/2 , 0g 7/2 ).
Further, increasing the strength of the tensor interaction as A = 1.0, the degenerate doublets become (1d 5/2 , 0d 3/2 ) and (1f 7/2 , 0f 5/2 ). In table 2, when C ps = 0, the energy states become positive, i.e., the system is repulsive.
In table 3, in view of spin symmetry, for the given parameter values and when C s = 5f m −1 we noticed that the energy levels are repulsive and becoming weakly repulsive with increasing quantum numbers n and κ .The degenerate doublets are (ns 1/2 , nd 3/2 ) and (np 3/2 , nf 5/2 ) in the absence of tensor interaction (A = 0). In the presence of the tensor interaction, it removes the degeneracy in the above doublet states and new degenerate states appear as follows: (ns 1/2 , np 1/2 ), (np 3/2 , nd 3/2 ) and (nd 5/2 , nf 5/2 ). Increasing the strength of the tensor interaction as A = 1.0, the degenerate doublets become (np 3/2 , np 1/2 ), (nd 5/2 , nd 3/2 ) and (nf 7/2 , nf 5/2 ). In table 4, when C s = 0 (exact spin symmetry), the energy levels turn to negative and system becomes strongly attractive as the quantum numbers n and κ increasing.
In table 5 , in presence of p-spin symmetry with parameter values C ps = −5.0f m −1 and A = 1.0, the energy levels are negative and subject to restriction |E| < M . The system becomes less attractive as quantum numbers increasing. In table 6, in presence of spin symmetry with parameter values C s = 5.0f m −1 and A = 1.0, the energy levels are positive and subject to restriction |E| < M (the energy is less than mass but very near). The system becomes less repulsive with increasing quantum numbers. In table 7, when A = 1.0 and M = 1.0f m −1 , the system is weakly attractive when C ps increasing. The energy pushes up toward positive energy as C ps becoming less negative. In table 8, when A = 1.0 and M = 1.0f m −1 the system is more repulsive when C s increasing. The energy pushes up toward positive energy as C ps becoming more positive.
Concluding Remarks
In this paper, we have studied the relativistic bound state solutions of a particle influenced by the scalar and vector tPT potentials including a Coulomb-like tensor interaction for any spinorbit quantum number κ. We introduce a suitable approximation to substitute the spin-orbit centrifugal (p-centrifugal) coupling term to obtain approximate energy eigenvalue equation and the normalized two components of the radial wave functions. The spin and p-spin symmetric cases are studied for any wave state. Our numerical results are presented in the presence/absence of tensor interaction and using various values of spin/p-spin constant for various and values.
Further, the non-relativistic limit of our solution can be found by simply making an appropriate transformation.
